We give an elementary proof of the following known fact: any multihomogenous component in the homogeneous coordinate ring of a Schubert variety inside Ž GL rB has basis given by the standard monomials V. Lakshmibai et al., 1986, J. n 
INTRODUCTION w x
Hodge and Pedoe 5 constructed bases of the homogeneous coordinate rings of the Schubert varieties in the Grassmannian, consisting of certain products of Plucker coordinates called standard monomials. Lakshmibai , w x Musili, and Seshadri 6 have generalized this theory extensively, giving standard monomial bases of the spaces of global sections of certain line bundles over unions of Schubert varieties in GrB where G is a classical group and B is a Borel subgroup. The purpose of this article is to give an elementary proof that the standard monomials yield a basis of the coordi-Ž nate ring of a single Schubert subvariety of the flag variety that is, G is of . type A . The part of the original proof that is not elementary is the argument that the standard monomials are a spanning set. This is accomplished here using an explicit straightening algorithm based on a classical determinantal identity. As a byproduct of the proof, the Plucker coordinates that vanish on a given Schubert variety are shown to generate its prime ideal. Our methods are valid over the integers.
SCHUBERT VARIETIES
This section establishes notation and reviews standard facts regarding Ž w x. the Schubert varieties in the flag variety see 3, 8 . For convenience of exposition the base field k is assumed to be algebraically closed.
Let E be an n-dimensional vector space over k with the fixed ordered Ä 4 Ž . Ž . basis e : 1 F i F n , G s GL E s GL k the general linear group, B i n the Borel subgroup of lower triangular matrices in G, and ᒄ and ᑿ the Lie algebras of G and B, respectively. Let F F be the set of complete flags in E, Ž . whose typical element has the form F.s F ; F ; F ; иии ; F , where 
Plucker

F F
Ž .
Ž .
r s 1 r s 1
gives an embedding of F F into the projective space of one-dimensional n r Ž . subspaces of m H E . It can be shown that the image of this map is rs1 irreducible and closed, giving F F the structure of a projective variety. There is an isomorphism given by the right G-equivariant map B _ G ª F F such that Bg ¬ F., where F is the span of the first r rows of the matrix g. r The multihomogeneous coordinates of the embedding of F F in Z can be described as follows. The vectors e s e n иии n e form a basis of
H E , where u s u u . . . u runs over the strictly increasing words of 1 2 r w x Ä 4 length r with letters in the set n s 1, 2, . . . , n . Projective coordinates on r Ž . Ä 4 r Ž . Ä 4 H E are given by the basis x of H E * dual to e , so that the Ž . neous coordinates of the image of F F in Z are given by Bg ¬ p g , where u w x u is a strictly increasing word with letters in n . Since G is Zariski dense in ᒄ, the prime ideal of the image of F F in Z is given by the kernel I of the w x w x map : k x ª k z given by x ¬ p . We will obtain an elementary proof of the following result. 
w x
The original definition of a standard monomial on a Schubert¨ariety 6 can be translated into the following. Let T be a standard tableau of shape . A defining chain for T is a Bruhat-increasing chain of permutations 
The following lemma about defining chains was proven by Deodhar. Ž 1 2 3 . In the previous example the sequence w , w , w is the minimal defining chain for T.
As a consequence of this lemma, checking standardness of p on X is u is minimal among words with u G u which contain the Ž . k th column of T as a subword see paragraph below Lemma 8 .
Ž .
j, 1 Then the jth column of K T is defined to the last word u . 
Therefore, T is standard on X if and only if w T F w. w
The process involved in passing from u j, ky1 to u j, k is equivalent to a jeu de taquin on a two-column tableau or a greedy partial matching. Here is an explicit algorithm which starts with the word u s u j, ky1 and pro- 
Ž . 
INDEPENDENCE
For the sake of completeness we repeat the elementary proof of Theow x rem 11 furnished by standard monomial theory 8 . We work in the ring w x k p . 
Suppose first that T T is empty, that is, every tableau T g T T has last
SPANNING
Two kinds of straightening relations are required here, the famous Ž . quadratic relations see Theorem 1 and another relation that is also given by a classical determinantal identity.
Both straightening relations use the following total order on tableaux. < < Given a tableau T of shape , let T be the tableau obtained by sorting Ž the columns of T into increasing order from top to bottom if there is a . repeated entry in some column of T then p s 0 . Define the word of the T Ž Ž . . tableau T written word T to be the concatenation u u . . . u , where u is the word given by reading the jth column of T from bottom to top. Let Ž< <. Ž < <. S -T if word S precedes word T lexicographically.
Theorem 12 is an immediate corollary to the following straightening law. In the first case a quadratic relation may be employed to produce a Ž . relation of the form 5.1 . For the sake of completeness we describe the quadratic relations and repeat the classical argument.
Consider two adjacent columns j and j q 1 of a tableau T of shape , and let 1 F i F Ž . It is not hard to verify that on the right hand side of 5.2 , each tableau S satisfies S -T, for in passing from T to S, at least one of the largest X y i letters in the jth column of T is replaced by a strictly smaller letter. Ž .Ž . Ž Ž .. action on tableaux of shape by T i, j s T i, j .
We now describe the second kind of straightening relation. Let A be a Ž . subset of D that has at most one cell in each row, j the minimum index of a column that contains a cell of A, and AЈ be the portion of A that is strictly to the right of the jth column. Let f be any injection from AЈ into Ž . the jth column of D whose image CЈ is disjoint from A. Finally, let C Ž . consist of the cells in the jth column of D that are not in A nor in CЈ.
